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z � jzj�cos � � i sin ��

	CU� ������ �xR�� QO �Dm� ��x� w�R � xm
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���k V��tv

CQwY x� �W��tv OW�� �rDNt �OOa z Qo �
z � r�cos � � i sin �� � r � � � � � ��� ���

�s�� wo�t z �rDNt OOa ���k V��tv 	V��tv u�� x� xm OQ�O OwHw
�r � jzj xm OQm lJ �DL�Q x� u�wD�t xrO�at u�iQ
 R� �Q�osQv �� �xHwD

w sQv ��DQD x� � w r O�Oa� x� �OW�� z OOa ���k V��tv z � r�cos �� i sin �� Qo �
�s�yO�t V��tv arg�z� w jzj �� w s�� wo z u�twoQ�

�O�O s�y�wN Q� R �x�	k QO �Q V��tv u�� xHwD �r�H ��y�oS� w R� �m�

�s� Q�O OvW�� �rDNt �O�Oa� B w A Qo �

jABj � jAj jBj

arg�AB� � arg�A� � arg�B�

�O�OQo C��F� u�� R� V�B ��x�	k QO pw� CtUk �C��F�

�s� Q�O x�	k swO CtUk C��F� ��Q� p�L
A � r�cos � � i sin ��

B � r��cos � � i sin ��

� AB � �rr����cos � � i sin ���cos � � i sin ���

� rr���cos � cos � � sin � sin ��� � i�cos � sin � � sin � cos ��

� rr��cos�� � �� � i sin�� � ���

u�wD�t 	s�O�UQ u�twoQ� ��Q� �� R� QDnQR� �OOa x� q�� C��U�Lt QO Qo � xm O�vm xHwD �� xDmv


k�w QO �OQ�o Q�Qk ������ �xR�� QO pY�L �D 	OQm sm u� �Q �� R� �y�wNrO K�LY Q	t Qy
�CU� u�Um� � � �k� w � u�twoQ�
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OvW�� �rDNt �O�Oa� B w A Qo � xm OQm C��F� u�wD�t x��Wt �qt�m wLv x� xm O�vm xHwD �� xDmv

�x�ou� B �� � w

jA
B
j � jAj

jBj
arg�

A

B
� � arg�A� � arg�B�

w ri �xR�Ov� �� �rDNt O�Oa� �i � 	� 
� � � � � n� zi Qo � CU� �y�O� �p�k �x��k x� xHwD �� xH�Dv

�CW�O s�y�wN z � z�z� � � � zn w OvW�� �i u�twoQ�

jzj � r�r� � � � rn
arg�z� � arg�z�� � arg�z�� � � � �� arg�zn�

�CW�O s�y�wN n � Z w OW�� z � r�cos � � i sin �� Qo � Qw�wtO uwv�k� xH�Dv

zn � rn�cos � � i sin ��n � rn�cos�n�� � i sin�n���

u�wD�t xvwtv l� u�wva x� OQ�O uwo �vwo p��Ut QO �O�� R Q��U� ��yOQ� Q�m O�Oa� V��tv R� xw�W u��

�OQm xHwD Q� R p�Ft x�

�O�vm x�U�Lt �Q �	� i����� CQ��a pY�L ����

�CWwv u�wD�t �pL
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�
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�
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�
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�O�vm C��F �� �k�kL OOa Qy ��Q� ����

sin���� � �� sin� � � 	
 sin� � � � sin �

�s� Q�O xOW u��� ���wQ j�� �pL

�cos � � i sin ��� � cos �� � i sin ��

�s� Q�O Qo�O �iQ� R� �t�

�cos � � i sin ��� � cos� � �

�
�
�

�
cos� ��i sin ��

�

�
�
	

�
cos� ��i sin ��� �

�
�


�
cos� ��i sin ���

�

�
�
�

�
cos ��i sin ��� � �i sin ���

�s� Q�O u�iQ� �twywt w �k�kL ��yCtUk �xU��kt w hQ� wO uOQm xO�U �� p�L

Im�cos � � i sin ��� � �� sin� � � 	
 sin� � � � sin �

Im�cos � � i sin ��� � sin��

�OOQo�t xH�Dv xr�Ut Q�v OQwt smL Kw�w x� w

�O�vm ��UL �Q sin � w cos � �U� ����

�O���t CUOx� �oO�U x� �r � � w n �  O�yO Q�Qk Qw�wtO uwv�k QO �pL

cos � � cos� � �  cos � sin� � � � cos� � �  cos �

sin� �  cos� � � sin � � sin� � �  sin � � � sin� �

��y�oS� w R� �m� �OQ�O OwHw �rDNt O�Oa� w xLiY ��kv u�� �Q��vD OW xDio xm Qw� u�ty
�s� Q�O B w A Q�OQ� wO Qy ��Q� xm CU� u�� xLiY ��yQ�OQ�

jA�Bj � jAj� jBj
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��Q� �Q��Q��v u�vJ xm OUQ�t Q�v x� �rDNt O�Oa� w �yQ�OQ� u�� Q��vD x� xHwD �� x�o �OwN�v Qw� x� w
�s��xOQm u��� �rDNt O�Oa� u�� R x� �Q 	w
wt u�� Q� R �x��k QO xm CU� Q�QkQ� sy �rDNt O�Oa�

�ErFt �Q��Q��v�

�x�ov� OvW�� x�wNrO �rDNt OOa wO B w A Qo �

jAj� jBj � jA�Bj

s�W�� xDW�O k pFt C�Ft �k�kL �Q�Okt ��Q� xm CU� Q�QkQ� �w�UD Cr�L �v�tR �yvD w
�A � k�B

�s� Q�O p�L �OvDUy �k�kL �O�Oa� t w z w y �x xm B � z� it w A � x� iy O�vm ZQi �C��F�

A�B � �x� z� � i�y � t�

u��Q��v�

jA�Bj �
q
�x� z�� � �y � t��

jAj� jBj �

q
x� � y� �

p
z� � t�

�s�yO u�Wv CU� �i�m TB p�L

� x� y� z� t � R �

q
�x� z�� � �y � t�� �

q
x� � y� �

p
z� � t�

��� CU� pO�at hQ� wO uOv�UQ  u�wD x� �� sy u�� w

� �x� z�� � �y � t�� � x� � y� � t� � 
q
�x� � y���z� � t��

�
q
�x� � y���z� � t�� � xz � yt

�xm �QJ CU� �Wwm �Q��Q��v �xH�Dv sy u�� w

�x� � y���z� � t�� � �
p

x�z� �

q
y�t��� � �xz � yt��

�
q
�x� � y���z� � t�� � jxz � ytj � xz � yt



�� ����vW�� �y��xrtHOvJ

�s�W�� xDW�O k � � pFt �k�kL �Q�Okt ��Q� xmCU� �v�tR sy �Wwm �Q��Q��v �w�UD xm O�vm xHwD

x � kz

y � kt

��
� � A � kB

�O�O Oy�wN xH�Dv �Q x��k pm u�� w

�O�O s�taD pmW u�O� sy Q�eDt �QDV�� O�OaD x� �Q ErFt �Q��Q��v u�wD�t �xHwD

� a�� a�� � � � � an � C � ja� � a� � � � � � anj � ja�j� ja�j� � � �� janj

�xm OyO�t MQ �v�tR �yvD sy �w�UD Cr�L w

� ij �k � R
�

� ai � kaj

�O�vm C��F z w y �x x�wNrO �k�kL OOa 	 Qy ��Q� ����

jxj� jyj� jzj � jx� y � zj� jx� z � yj� jy � z � xj

�s� Q�O ErFt �Q��Q��v j�
 �C��F�

jx� y � zj� jx� z � yj � �jxj

jx� y � zj� jy � z � xj � �jyj

jy � z � xj� jx� z � yj � �jzj

�OOQo�t xH�Dv smL x���Q 	 u�� �tH ��

�j�j � � x�ou OW�� xn
� x� � �xrO�at �xW� Q � Qo � O�vm C��F ����

�s� Q�O �C��F�

�n
� �� � � � � �n

� � � ��
u�iQ� R� �Q�osQv
������������ j�n

� �j � j � �j � �

�ErFt �Q��Q��v j�
 �t�

j�n
� �j � j�jn � j�j � j�jn � j�j � �



�y��xrtHOvJ R� ��xrtHOvJ ��

�OW�� j�j � � Qo � �t�

j�jn � �

j�j � �

��
� � j�jn � j�j � �

�j�j � � OyO�t u�Wv xrY�L Zk�vD

x� p�L x� �D �s�vm�t xQ�W� �rDNt O�Oa� QD�r�H ��yV��tv R� �m� x� TQO �xt�O� QO
�x���Q R� CU� CQ��a �yu� R� �m� w s��xDi�� CUO �rDNt O�Oa� 	Q
 OQwt QO �oS� w wO

RH x� sy ���vW� 	��wD xm s�����t QO x���Q u�� QO pt��D �tm �� �t� arg�AB� � arg�A� � arg�B�

�xm �QJ CU� f�x� � Ax 	��D 	��wD u�� u� QDQwyWt R� �m� �OvQ�O �Q C�Y�N u�� xm s� Q�O arg

AxAy � Ax�y

xDW�O ���tv 	��wD pmW x� �W��tv sy �rDNt O�Oa� O��W xm OUQ� uyP x� xO�� u�� O��W u��Q��v�
��s� R�OQB�t u� x� Q� R QO w xOw� K�LY xO�� u�� 	k�w QO OvW��

x � R Qy ��Q� xm Q� R ���wQ R� OvDQ��a �yu� w s�v�O�t �r�H Q��U� �x���Q xU uQOt C��
�� Q R�
�OvQ�QkQ�
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�CU� hwQat

�O� Q�PB� O�v�wD�t C��F� uwO� �Q CtUk u�� G��Dv ��
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jzj sy r w xOw� arg�z� Q��Q� � u� QO xm O�O V��tv rei� CQwY x� u�wD�t �Q z pFt �rDNt OOa Qy
�OW���t

�CWwv u�wD�t �Q�PoO�tv R� xw�W u�� ��

rei� � r�ei�
�

� �rr��ei����
��

rei�

r�ei�
�
� �

r
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�ei����

��

l� u�wva x� OQm G�QNDU� V��tv xw�W u�� R� xO�iDU� �� sy �Qo�O ���wQ u�wD�t pmW u�ty x� w
V��tv xw�W u�� �� Ovvm �aU �Q �UOvyV��tv x� 	w� Qt �����k xm OOQo�t x�YwD u�Rwt�Vv�O x� p�Ft

�Ovvm C��F�
��xrtHOvJCqO�at R� �Y�N �xvwo pL x� pYi u�� QO xOW xDio�r�	tltm x� �D s�v�Q� xt�O� QO

�s� R�OQB� Ovvm�t �i�� �tyt Vkv TQO �xt�O� QO xm
u�vJ Qy xm OQm s�y�wN C��F� xt�O� QO OvW���t xn � 
 CqO�at u�ty CqO�at u�� 
k�w QO
X�YDN� �y��wH u�� x� �Q �Y�N s�v xm CU� R��tDt ��wH n ��Q�O �rDNt O�Oa� QO ��k�kO ��xrO�at

�s�yO�t

�OW�� Q�QkQ� wn � 
 x�oQy s�� wo OL�w s��n �xW� Q� �Q w �rDNt OOa

�R� OvDQ��a w CU�Dn ��k�kO OL�w s��n ��yxW� Q O�OaD

ei� � � �
�k�
n

� k � 
� �� � � � � n

�OW�� OL�w s�n �xW� Q w O�vm ZQi �C��F�

wn � 
 � jwjn � 
 � jwj � 


�CWwv u�wD�t TB
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pFt K�LY �Q�Okt ��Q� � � �k� x���Q Qo � �yvD w Qo � CU� � Q��Q� ei� xm OQm �UQQ� u�wD�t �t�
�TB �OW�� Q�QkQ� k

n� � �k� � � �
�k�
n

u	�Q��v� �OvDUy u�Um	 OvQ�O hqDN� Qo	Om	 �� �� R� �� Q�t �xR�Ov� x� xm � R� �	�yQ�Okt �t�
Q��Q� Q�Okt n u	� R� �m	 �� k ��Q� Q	O�kt �x�k� �Q	 R OW���t k � ���� � � � � n �� Q
�vDt � ��yQ�Okt

�w � � w � � �k �k � n Cr�L QO O�vm CkO �OOQo�t C��F� smL u	�Q��v� �OvW���t

OOa Qy ��Q� w OW�� wn � � x�oQy s�	 wo OL�w s�n �x�rw� �xW	 Q �Q w �rDNt OOa
�wi �� � s�W�� xDW�O i � n �a���
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O�vm ZQi �s����� �Q z� � � �xrO�at ��yxW	 Q s�tD s�y�wN�t p�Ft u�wva x� p�L

z � r�cos � � i sin ��

�s	 Q�O �xOW xDio EL��t w �	��k Q��v�
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QO xm OvyO�t p�mWD �aq�q��w�UDt ErFt �z� w z� �z� ��kv O�vm �UQQ� O�v�wD�t �DL�Q x�

�CU� ��Lt OL�w �xQ	�O
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CW�O s�y�wN Qw�wtO �x��k Q��v�


 � zn � rn�cos�n�� � i sin�n��� � r � 
 � n� � �k�

� r � 
 � � �
�k�
n

�k � ���
���� � � ��

R	�tDt ��y��wH ��k � �� 
� �� � � � � n � 
� ��R� x� �yvD OwW�t xH�Dv �oO�U x� ��OOHt

��R� x� xOW �iQat ��yxW	 Q R� �m	 �� �� R� �� Q�t QO �yvD ��wH x�k� w OvwW�t x�U�Lt

�Q �yzi w �i ��k � �� 
� � � � � n � 
� �� Q��vDt p�L �OvQ�O Cw�iD �k � ��
��� � � � � n � 
�

s�vm�t �iQat

k � � � �� � � � z� � 


k � 
 � �� �
��
n

� z� � cos �� � i sin ��

���

k � n� 
 � �n�� �
���n� 
�

n
� zn�� � cos �n�� � i sin �n��

QO ��Lt s�Dvt �ar�n l	 Tw�Q z�� z�� � � � � zn�� �rDNt O�Oa� OQm lJ u�wD�t ��OOHt

�OvyO�t p�mWD OL�w xQ	�O

x
1200

1200

y

x

z 1

z 2

z 3

z0

y

n = 4


